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Abstract

Experimental differential cross sections for elastic scattering of two α particles have been fitted with
an l-independent non-monotonic real potential up to 34.2 MeV (lab) and a complex potential with non-
monotonic real part from 35.1 to 47.3 MeV (lab). The calculated phase shifts, in general, agree with those
derived from the phase shift analyses of the experimental cross sections. In particular, the s- and d-wave
phase shifts tend to zero in the limit of zero energy implying the absence of any bound state. Thus, 8Be is
unbound in the potential and the calculated decay width of about 6 eV agrees with the observed one. This
potential has its roots in the energy-density functional (EDF) theory with the sudden approximation. In fact,
the calculated angular distributions using the derived EDF potential are in reasonable agreement with the
experimental data at some energies up to 15.2 MeV (lab). Modifying the Buck, Friedrich and Wheatley
(BFW) potential by adding a small repulsive core leads to about the same quality of fits. The modified BFW
potential, however, binds 8Be in Pauli forbidden states, and s- and d-wave phase shifts in it tend to 2π and
π , respectively, in the limit of zero energy.
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* Corresponding author.
E-mail addresses: mnaa03@yahoo.com (M.N.A. Abdullah), akbasak-phy@ru.ac.bd (A.K. Basak).
0375-9474/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.nuclphysa.2006.06.007



2 M.N.A. Abdullah et al. / Nuclear Physics A 775 (2006) 1–22
PACS: 25.55.Ci; 24.10.Ht; 21.60.-n

Keywords: α–α optical potentials; Elastic scattering; Energy density functional; Non-monotonic and Woods–Saxon
potentials

1. Introduction

The knowledge of the α–α interaction is needed in order to provide insights into many nuclear
properties such as α-like states in nuclei, binding energies in α-matter, the α-clustering effect in
nuclear scattering, etc. The α–α system has been studied quite extensively both experimentally
[1–12] and theoretically [13–42]. Ostensibly, the determination of the interaction potential for
this system should be simple. However, despite many investigations, the detailed nature of the
α–α potential is still conceptually incomplete. On the other hand, the α-particle, with zero spin
and isospin, and being very compact with root-mean-square (RMS) radius of about 1.44 fm and
tightly bound with a binding energy of 28 MeV, is a natural ingredient for forming cluster-like
states in nuclei, particularly the light ones. The study of such cluster-like configurations requires
a knowledge of the α–α potential.

The determination of the α–α potential has been attempted in many different ways. The lines
of investigations such as the generator coordinate method (GCM) [32], the resonating group
method (RGM) [19,25,34,35], the orthogonality condition model (OCM) [36] and the folding
potential method [26] involve the determination of this potential from nucleon–nucleon interac-
tion. However, none of these investigations prescribes a unique potential that could be used over
a broad range of energy. The phase shift analyses of low energy data led Darriulat et al. [2] to
propose an l-dependent non-monotonic potential with a short range repulsion. Using a Gaussian
repulsive and attractive real potential, Ali and Bodmer (AB) [16] could fit the derived l = 0,
2, and 4 phase shifts reasonably well from a few keV to about 20 MeV (lab) incident energy
using different parameters of the potential for each partial wave. However, in the limit of zero
energy, the s-wave phase shift seems to go to 2π , instead of zero as expected from Levinson’s
theorem [43]. The l-dependence of this potential makes it difficult to extrapolate it to higher
energies, since higher partial waves start contributing to cross sections at these energies. The
l-independent phenomenological potential of Neudatchin et al. [20] met with limited success.
Surprisingly, Buck, Friedrich and Wheatley (BFW), with their l-independent potential, could re-
produce the energy dependence of the l = 0, 2, 4 and 6 phase shifts reasonably well, up to about
40 MeV (lab) bombarding energy using a simple strong attractive energy-independent potential
of Gaussian shape, provided a phase of 2π and π are added to l = 0 and l = 2 phase shifts,
respectively. This potential, thus, not only binds 8Be in two s-states including the ground state,
but also in an excited d-state, which contradicts the fact that 8Be is unbound. Noting that the
proton, neutron, and (p + 3He) production thresholds in the α–α scattering are, respectively,
34.73, 38.03, and 39.68 MeV (lab), one expects a loss of flux in these channels, making it nec-
essary to use a complex potential to analyze the elastic scattering data around these and higher
bombarding energies. The phase shift analyses at these energies, however, were done assum-
ing them to be real and the BFW potential did not have an imaginary component in it. In fact,
the 4He(α,p)7Li experiment at 38.5 MeV (lab) incident energy [44] indicates a reaction cross
section of at least 44 mb at that energy. In their attempt to determine the α-nucleus potential,
Abdullah et al. [45,46], noted that by adding of a small repulsive part to the BFW potential and
replacing its Coulomb part by the one due to a uniform charge distribution, one can obtain good
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fits to the elastic scattering data of α particles by 16O and 40,44,48Ca. The latter potential is re-
ferred to as the BFW potential with a repulsive core (BFWC). The double folding (DF) potential
method [26] using the M3Y effective potential of [47] generates a deep potential very similar
to BFW and provides good fits to the α–α scattering data up to about 30 MeV as shown in
[14]. However, the α density distribution used in the calculation does not bind α-particle in the
energy-density functional (EDF) formalism.

The aim of this investigation is to search for an l-independent potential, that has no bound
state, provides the correct decay widths of 8Be in the ground state, and accounts for the differ-
ential elastic scattering and reaction cross sections up to 47.3 MeV (lab). To this end, we shall
first determine the general shape of the real part of the α–α potential using the EDF approach
in the sudden approximation [48,49]. Such a procedure has been successful in determining the
α–28Si [50], α–Ca [51], and α–Ni [52] potentials. Once, the general nature of the potential is ob-
tained from the EDF calculation, its parameters are adjusted to reproduce angular distributions.
Since α particles do not have an excited state and the particle production thresholds start around
34.73 MeV (lab), it is expected that the data up to about that energy are amenable to analysis
using only a real potential. This is supported by experiments observing no reaction cross section
up to about 34.2 MeV [2]. The angular distributions above 34.2 MeV (lab) have been analyzed
using a complex potential that accounts for the reaction cross section of at least 44 mb at 38 MeV
(lab), as mentioned earlier.

Since the BFW potential and its variation BFWC have been successful in reproducing the data
up to about 34.2 MeV (lab), despite the problem near zero energy, we have compared our results
with those obtained using these two potentials, as well as a similar potential with Woods–Saxon
functional form.

In the next section, we present the outline of the EDF theory to determine the general structure
of the α–α potential, followed by a section on the nature of the empirical potentials used in our
search and sections on the search procedure employed, results of analyses and conclusions ar-
rived at. All energies in the subsequent paragraphs are in the laboratory system, unless otherwise
noted.

2. The energy density functional formalism

In the EDF formalism [48–50], the potential V (R) between the projectile α and the target α

at a separation distance R is given by

V (R) = E
[
ρ(r,R)

] − E
[
ρα(r,R = ∞)

] − E
[
ρT (r,R = ∞)

]
, (1)

where ρ is the density function of the composite system. ρα and ρT are, respectively, the density
functions for the projectile α and the target α at R = ∞. The first, second and third terms on the
right side of (1) are, respectively, the total energies of the composite system with the colliding
partners at a distance of R, and of the incident α particle and the target when they are far apart.
The density functions are dependent on the respective position vectors r and assumed spherically
symmetric. Each of the total energy terms being integral over r (see Eq. (5) below), is indepen-
dent of it. In the sudden approximation, the density distribution function of the composite system
is given by

ρ(r) = ρα(r) + ρT (r). (2)
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The density function of the α particle, ρα , is reasonably described by the following expression:

ρα(r) = 4

(
γ

π

)3/2

exp
(−γ r2). (3)

This is a special case of the generalized bottle Gaussian shape of Elton [53], for a nucleus with
atomic number Z, expressed as

ρ(r) =
(

γ

π

)3/2 8

Z

(
1 +

(
Z − 2

3

)
γ r2

)
exp

(−γ r2). (4)

Eq. (3) leads to the central density and the RMS radius as ρ0 = 4(γ /π)3/2 and Rrms =
(1.5/γ )1/2, respectively. The total energy E of the composite system, for the density distrib-
ution ρ(r), is given [49] by

E =
∫

ε
[
ρ(r)

]
d3r, (5)

where

ε
[
ρ(r)

] = 0.3

(
h̄2

2M

)(
3π2

2

)2/3

ρ5/3[(1 − x)5/3 + (1 + x)5/3]

+ ν(ρ, x)ρ + e

2
ΦC(r)ρP − 0.739e2ρ

4/3
P +

(
h̄2

8M

)
η(∇ρ)2. (6)

In the above equation, x = (N − Z)/A is the neutron excess parameter, which is zero for the
α–α system and M is the nucleon mass. ΦC and ρP are, respectively, the Coulomb potential
and the proton density function. The last term in η is the correction to the kinetic energy due
to non-uniform density distribution and the total energy due to correlation not included in the
mean field. η is the free parameter adjusted to reproduce the observed nuclear masses from the
α particle to uranium. ν(ρ, x) is the average potential of a nucleon in a nuclear matter which has
been calculated in [54] from a realistic two-nucleon potential in the Brueckner–Hartree–Fock
approximation. This means that the potential is calculated evaluating both direct and exchange
terms of T -matrices and as such it includes contributions from the Pauli exchange effect. The
density dependence of the average potential is given by

ν(ρ, x) = b1
(
1 + a1x

2)ρ + b2
(
1 + a2x

2)ρ4/3 + b3
(
1 + a3x

2)ρ5/3, (7)

with b1 = −741.28, b2 = 1179.89 and b3 = −467.54. Since x is zero for α particles, the values
of a1, a2 and a3 are immaterial. The Coulomb potential ΦC in (6) is related to the proton density
distribution ρP as

ΦC = e

∫
ρP (r′)
|r − r′|d

3r′. (8)

The fourth term in (6) is the correction to the Coulomb potential due to the Pauli principle oper-
ating among the protons.

Thus, the potential calculated using (1) is derived from a realistic two-nucleon interaction with
the inclusion of the Pauli principle among neutrons and protons. The observed masses of a range
of nuclei can be accounted for within 1.5% using the observed density distribution functions, i.e.
with the observed RMS radii [55].
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3. Analysis and discussion

Experimental differential cross sections of elastic scattering data are available over the energy
range of 150 keV to 650 MeV [1–12]. However, we have analyzed here the data up to 47.3 MeV
only because the experimental total reaction cross sections increase substantially [2] at higher
energies implying that the absorption plays a significant role. Such a significant change in the
imaginary part of the potential is likely to influence the nature of the real part substantially
because of the dispersion relation between them [56,57]. As noted earlier, the analysis of the
data up to about 34.2 MeV may not need any imaginary part. At higher energies, a few other
reaction channels open up requiring a modest imaginary part in analyses resulting in a slight
change of the parameters of the real part.

3.1. Parametrization of the EDF, BFW and BFWC potentials

The EDF calculations are performed using the parameter η = 7.56 fm3 in (6). The use of the
width parameter γ = 0.58 leads to the α central density of ρ0 = 0.317 fm−3, the RMS radius,
Rrms = 1.608 fm and the binding energy BE = 12.93 MeV. The latter is significantly lower
than the experimental one. On the other hand, the value of γ = 0.45 yields ρ0 = 0.217 fm−3,
Rrms = 1.825 fm and BE = 20.96 MeV. Although the BE is reasonable, the central density is too
low compared to the deduced value of 0.32 fm−3 from experiments. γ = 0.5 is taken as a good
compromise leading to ρ0 = 0.254 fm−3, Rrms = 1.732 fm and BE = 19.01 MeV with Rrms close
to the range Rrms = 1.67–1.70 fm, as quoted in the compilation of de Vries et al. [58]. Various
forms of the nuclear density distributions for α particles have been tried by Avrigeanu et al. [14]
to analyze the α–α scattering data in incident energy range 8.87–29.5 MeV in terms of the DF
potential of the M3Y interactions. Only the density distributions of Love and Satchler (DDLS)
[26], and Baye et al. (DDB) [59] could generate appropriate folding potentials to reproduce the
best possible descriptions of the data. Both DDLS and DDB have the density distributions similar
to the form in Eq. (3) with the width parameters γ = 0.7024 and 0.8138, respectively. The latter
two γ values in the EDF calculations lead to unbound α particles.

The α–α potential, determined from the EDF calculations with γ = 0.5 in (3), is shown as
solid dots in Fig. 1. The key feature of this potential is that it is non-monotonic with a short-range
repulsion followed by an attractive part. We present two functions to reproduce these calculated
points. The chosen functional representations of these calculated potential points, dictated by the
motivation to fit the data by varying the parameters, are real parts of the following:

VGG(r) = −VA exp

(
− r2

R2
A

)
+ VR exp

(
− r2

R2
R

)
− iW0 exp

(
− r2

R2
W

)
+ VC(r) (9)

and

VWG(r) = −V0

[
1 + exp

(
r − R0

a0

)]−1

+ VR exp

(
− r2

R2
R

)

− iW0 exp

(
− r2

R2
W

)
+ VC(r). (10)

The first term in each of (9) and (10) represents the real attractive part in the Gaussian and
Woods–Saxon (WS) forms, respectively. The second term of both the equations denotes the real
repulsive part in the Gaussian form. The third term is the imaginary part again with the Gaussian
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Fig. 1. Real nuclear part of the α–α potential, computed from the EDF theory, shown in solid dots, is parametrized by
the (a) Vedf(GG) using the Gaussian attractive and Gaussian repulsive geometries in the upper insert, and (b) Vedf(WG)

function, using the WS attractive and Gaussian repulsive form-factor in the lower insert. The functional values are shown
in solid lines.

form. The fourth term is the Coulomb potential which is taken to be that of a uniformly charged
sphere:

VC(r) =
[
Z1Z2e

2

2RC

][
3 − r2

R2
C

]
for r � RC,

= Z1Z2e
2

r
for r > RC. (11)

In (11), Z1 = Z2 = 2 for the α–α scattering. These fundamental forms of the potential have been
successful in describing α-scattering by Ca [51], Ni [52], Mg and Si [60].

The calculated α–α potentials, obtained from the EDF theory, are parametrized using the
real part of both the functional forms in (9) and (10), and are noted in Table 1 as the Vedf(GG)

and Vedf(WG) sets. The former set, with the attractive part in the Gaussian form, has a volume
integral JR/16 = −119.7 MeV fm3, while the latter with the WS geometry bears the integral
value JR/16 = −112.4 MeV fm3. These two sets provide the initial parameters to analyze the
experimental data. Vedf(GG) and Vedf(WG) are attempts to represent the same potential using
two different functions. The sharp differences in magnitude of the attractive and repulsive parts
have no particular significance since both of them yield approximately the same total potential
which determines the scattering amplitudes and the slight disagreement in the volume integrals
simply reflects the difference in the approximations involved in the fitting procedure. Within
the framework of the calculated potential using the EDF theory, we have attempted to fit the
data from a few tens of keV to 47.3 MeV by varying the parameters of the potentials (9) and
(10). In the search for reasonable fits, attention has primarily been paid to enhance the repulsive
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Table 1
Parametrization of the EDF generated potential and the fit parameters for non-monotonic shallow (NMS) potential sets.
All the sets have RC = 5.8 and RW = 2.0 fm, where applicable. The parameters V0 and R0 are applicable to the WS
attractive real part while VA and RA , to the Gaussian attractive real one. V0, VA , VR and W00 are in MeV; R0, RA , RR

and a0, in fm; and JR/16 and JI /16, in MeV fm3. W0 = W00[1 + C1Eα] with c1 in MeV−1

Set Eα V0/VA R0/RA a0 VR RR W00 C1 JR/16 JI /16

Vedf(GG) − 127.6 2.20 − 161.3 1.846 − − −119.7 –
Vedf(WG) − 15.56 3.25 0.492 49.24 1.510 − − −112.4 –
NMS-1 2.0–9.88 15.40 3.95 0.40 150.0 1.68 − − −26.1 –
NMS-1a 2.0–9.88 13.05 3.85 0.61 80.0 1.68 − − −111.2 –
NMS-2 12.3–34.2 20.00 3.95 0.10 150.0 1.60 − − −110.9 –
NMS-3 35.1–38.83 20.00 3.95 0.90 220.0 1.60 1.613 0.3 +781.6 −(28.2–30.7)

NMS-2 40.77–47.28 20.00 3.95 0.10 150.0 1.60 1.613 0.3 −110.9 −(32.0–36.4)

parameter VR followed by an adjustment of other parameters including the depth of the attractive
part, either VA in (9) or V0 in (10). This is because the EDF potential parameters have been
generated using the width parameter γ = 0.5, which does not adequately reproduce the correct
central density of about ρ0 = 0.32 fm−3 of α-particles, and thus, may not have generated enough
strength for the repulsive core. In fitting the cross section data, due attention has been given to
reproduce the experimental phase shifts δ0, δ2 and δ4. Since the total reaction cross section σR

has been observed [2] to be zero up to the particle production threshold, the imaginary part has
been set to zero up to Eα = 34.2 MeV. The potential determined from the EDF calculations
should only be valid up to this energy.

The BFW potential is not non-monotonic. It is a deep potential of Gaussian type without any
imaginary part, i.e. it is of the type (9) with VR and W0 being set to zero and has the following
form for the Coulomb potential.

V BFW
C (r) = (

4e2) erf(βr)/r, (12)

with erf(βr) = 2√
(π)

∫ βr

0 exp(−t2) dt and β = 0.75 fm−1.
The BFWC potential is also deep and has the functional form of Eq. (9) with the Coulomb

potential given by Eq. (11).

3.2. The phenomenological determination of potential parameters

The parameters of the potentials have been determined by fitting the elastic scattering data
using both visual and chi-square criteria. A set of parameters is obtained by minimizing the χ2

defined by

χ2 = 1

(N − F)

∑
i

[
σexp(θi) − σth(θi)

�σexp(θi)

]2

, (13)

where σexp(θi) and �σexp(θi) are, respectively, the experimental cross section and its error at the
scattering angle θi . σth(θi) is the calculated cross section generated from the optical potential.
N is the number of data points for the given incident energy and F is the number of adjusted
parameters at the corresponding energy. The quality of fits is judged by the total χ2

T -value defined
by

χ2
T =

∑(
χ2)

i
, (14)
i



8 M.N.A. Abdullah et al. / Nuclear Physics A 775 (2006) 1–22
Fig. 2. Computed cross sections of the α–α scattering at 5.26 MeV using the BFW (dotted line) and BFWC (solid line)
potentials are compared with the experimental data in solid dots.

Table 2
Parameters of the deep potential sets. All the sets have RC = 5.8 and RW = 2.0 fm. V0/VA, VR and W0 are in MeV;
R0/RA , RR and a0, in fm; and JR/16 and JI /16, in MeV fm3

Set Eα V0/VA R0/RA a0 VR RR W0 JR/16 JI /16

BFW 2.0–34.2 122.62 2.132 − − − − −413.6 –
BFWC 2.0–34.2 122.62 2.132 − 3.0 2.0 − −405.2 –
BFWC 35.1–38.83 122.62 2.132 − 3.0 2.0 3.9 −405.2 −10.86
BFWC 40.77–47.28 122.62 2.132 − 20.0 2.0 3.9 −357.9 −10.86
WS 2.0–34.2 129.2 1.70 0.65 − − − −410.0 –

where i runs over all the energy points. The data have been analyzed using the optical model code
SCAT2 [61] which has been modified to properly antisymmetrize the two identical bosons. For
fitting the angular distributions, the chi-square minimization code MINUIT [62] has been used
in conjunction with SCAT2. For analyzing data at energies below 3.0 MeV, the code HARD-
CORE [63] has been employed. At higher energies, the calculated cross sections from SCAT2
and HARDCORE have been found to agree.

3.2.1. Deep potential
Despite the problem with the BFW potential near zero energy, mentioned earlier, and the fact

that it binds 8Be both in the ground and excited states, we have investigated its role in explaining
the angular distributions up to 47.3 MeV. Although it reproduces these angular distributions
reasonably well, improved fits can be achieved by adding a small repulsive part to it and using
the Coulomb potential (11) due to a uniform charge distribution instead of (12) leading to the
BFWC potential, as defined earlier. In particular, the fit to the data at 5.26 MeV, using BFW,
improves significantly if one uses BFWC, as can be seen in Fig. 2. Similarly, the chi-square
of the fit to the 15.2 MeV data are χ2 = 16.9 and 3.70, respectively, for the BFW and BFWC
potentials. The total χ2 in the energy range of 2.0 to 34.2 MeV using BFWC is χ2

T = 170.60,
which is much lower than χ2

T = 482.26 using BFW. This indicates a preference to use the former
rather than the latter potential set. The BFW and BFWC parameters are noted in Table 2 and
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Fig. 3. Computed angular distributions of the α–α scattering in energy range 2.0–15.2 MeV (lab) using the (i) NMS
(solid lines), (ii) BFW (dotted lines) and (iii) BFWC (dashed lines) are compared to the data. The NMS parameters are
noted in Table 1 and those of BFW and BFWC, in Table 2. The experimental data are from [4–6].

the predicted angular distributions are compared to the data in Figs. 3–5. Beyond 34.2 MeV, it
is necessary to add an imaginary component to this potential. The data in the range from 35.1 to
42.3 MeV are, however, well fitted by adding a Gaussian imaginary component having a depth
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Fig. 4. Same as in Fig. 3 for the incident energy range 17.8–22.9 MeV (lab). The experimental data are from [4].

of 3.9 MeV and a range of 2.0 fm to the BFWC potential, as noted in Table 2. The predicted
angular distributions are compared to the data in Fig. 6.

The nuclear part of the BFW and BFWC potential can be approximated to a WS potential,
−V0/(1 + exp[(r − R0)/a0]), with V0 = 129.2 MeV, R0 = 1.7 fm and a0 = 0.65 fm. Since this
potential function is akin to BFWC, the fits using this WS potential are about the same as BFW
and BFWC. This WS potential is also close to that in Neudatchin et al. [20]. The BFW, BFWC
and the WS potentials are shown in Fig. 7.

3.2.2. Non-monotonic shallow (NMS) potential
Using the two parametrized potential functions, Vedf(GG) and Vedf(WG) of the actually cal-

culated potential obtained from the EDF theory, we have first predicted the angular distributions
at a number of energies up to about 15 MeV and compared them with the experimental data.
These are presented in Fig. 8. Amazingly enough, the theory, which has its root in the realistic
two-nucleon potential, could account for the data very well at a number of energies with some
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Fig. 5. Same as in Fig. 3 for the incident energy range 23.1–34.2 MeV (lab). The experimental data are from [8].

significant exceptions. Both Vedf(GG) and Vedf(WG) reproduce the 2.0 and 3.0 MeV data. This
implies that the s-wave phase shifts at these energies can be accounted for by them, since this is
the only partial wave contributing to cross sections at these energies. The failure to account for
the data between 3.84 and 10.88 MeV by both the Vedf(GG) and Vedf(WG) potentials indicates
that the d-wave threshold responsible for the dip around 60◦ is not very well accounted for by
them. The ability of both potentials to account for the data at a number of higher incident energies
implies that the general structure of the actual potential is given by these two functional forms.
However, Vedf(WG) seems to be slightly better in fitting the data and we, therefore, choose this
functional form to search for parameters to fit the data. This latter potential set also has an extra
parameter providing more flexibility in fitting the data.

At low energies, e.g. less than 10 MeV, the detailed nature of the Coulomb potential is likely to
influence the calculations. Neither the function (11) nor (12) may represent the actual situation. In
particular, at very low energies the polarization of the Coulomb potential due to the electrostatic
interaction between two α-particles may influence their interaction pattern. Such a change in the
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Fig. 6. Same as in Fig. 3 for the incident energy range 35.1–47.3 MeV using the (i) NMS (solid lines) and (ii) BFWC
(dashed lines) potentials. The experimental data are from [8,9].

Coulomb potential affects the total potential, e.g. the sum of the Coulomb and nuclear parts of
the α–α potential. This latter situation could also be concocted by keeping the Coulomb potential
unchanged but changing the parameters of the nuclear part. Attempts to find a good fit to the data
from about zero to 47.3 MeV, indeed, require a slight modification of the parameters in different
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Fig. 7. Comparison of the real nuclear parts of the BFW (broken line), BFWC (solid line) and WS (dotted line) α–α

potentials. The parameters are noted in Table 2.

energy-bins, the polarization effect being dominant at lower energies than at higher ones. This
approach leads to what we are referring to in Table 1 as the NMS potential sets.

The fits to the data between 2.0 and 9.88 MeV using NMS-1 are shown in Fig. 3, as solid
lines, and the corresponding parameters are noted in Table 1. The data at 2.0 and 3.0 MeV are
basically isotropic between 50◦ to 130◦ implying that the s-wave is the primary contributor to
the scattering which is indeed the case. On the other hand, the data at 5.26 MeV is indicative of
a significant contribution from the d-wave. The fits to the data at this energy range using NMS-1
(χ2

T = 14.78) are much better than the one with BFW (χ2
T = 33.26) and slightly inferior than

that with BFWC (χ2
T = 4.08).

The fits to the data between 10.88 and 34.2 MeV for the NMS, BFWC and BFW potential
sets are also shown in Figs. 3–5. The parameters of the NMS potential in this energy range,
referred as the NMS-2 set, are slightly different from those used at the lower energies (NMS-1),
as indicated in Table 1. The quality of the fits using the NMS potential is again satisfactory and
the total χ2 for the fits, χ2

T = 869.8, for the NMS case is, however, not as good as that using
BFWC with χ2

T = 164.5. Since neither NMS nor BFWC has an imaginary component, the total
reaction cross section in each case is zero at all energies in this interval as seems to be the case
experimentally [2].

For monotonic deep potentials, it has been customary to calculate volume integrals to dis-
tinguish the families of potentials [64]. For NMS potentials, there could be a large cancellation
between the positive and negative parts of the volume integral which might make it difficult to
use this as a criterion to designate a particular potential family. The problem is exemplified by
observing that the volume integrals of the two potentials, Vedf(WG) and Vedf(GG) calculated
from the EDF theory and noted in Table 1, are JR/16 = −112.4 and −119.7 MeV fm3, where
as the NMS-1 set again in Table 1 has JR/16 = −26.1 MeV fm3. This is because the strength
of the repulsive part of NMS-1 is significantly higher than those of Vedf(WG) and Vedf(GG).
However, almost a similar quality of fits could be achieved by changing the parameters of set-1.
The changed parameters of the resulting new NMS set (NMS-1a), in Table 1, yield the volume
integral JR/16 = −111.2 MeV fm3 which is close to JR/16 = −110.0 for the NMS-2 set. The
volume integral of NMS-1a is more negative than NMS-1, simply because of the reduction in
the magnitude of the repulsive part, which does not significantly affect the fits to the data at low
energies. In fact, the fits to the cross sections up to 9.88 MeV, which is primarily determined by
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Fig. 8. Comparison of the experimental α–α angular distributions for 2.0–15.2 MeV (lab) incident energies with the pre-
dictions using the parametrized potentials Vedf(GG) and Vedf(WG) of the actual one obtained from the EDF calculation.
The parameters are noted in Table 1.

the exterior part of the potential, are about the same as those obtained using NMS-1 of Table 1.
The total χ2 for the fits using NMS-1 in the energy range 2.0–9.88 MeV, χ2

T = 14.78, is only
slightly better than χ2 = 23.66 using NMS-1a.
T
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Table 3
Reaction cross sections σR for the bombarding energies in the range Eα(lab) =
35.1–47.3 MeV from the NMS and BFWC potential parameters in Tables 1 and 2, respec-
tively. NMS refers to the NMS-3 set from 35.1 to 38.83 MeV and NMS-2 at higher energies

Eα (MeV) σR (mb)

NMS BFWC

35.1 40.6 427.0
36.85 43.1 392.0
37.0 43.4 389.0
38.4 45.4 367.0
38.83 46.0 361.0
40.77 326.0 370.0
41.9 329.0 355.0
44.41 339.0 326.0
46.12 349.0 310.0
47.1 356.0 302.0
47.3 358.0 300.0

As noted earlier, a number of particle production, as well as inelastic channels, are open above
34.2 MeV, and hence, one needs to analyze the data with a complex potential. The conservation
of flux leads to the dispersion relation that connects a class of real and imaginary potentials [56,
57]. Thus, the onset of the imaginary potential affects the strength of the real part of the potential.
However, the inelastic scattering measurement in [44] indicates the total reaction cross section
to be small, probably about a few tens of millibarn.

The fits to the data between 35.10 and 38.83 MeV are not very good using the NMS-2 set.
However, an improved fit could be obtained using the parameters NMS-3 which is also listed
in Table 1. The calculated total reaction cross sections are 40.6 and 46.0 mb, respectively, at
35.1 and 38.83 MeV (Table 3). The latter value is in line with the measured inelastic cross
section of 44 mb at 38.5 MeV, noting that the total reaction cross section should be larger than
this. On the other hand, the data based phase shift analysis around 35 MeV indicates a sudden
jump at this energy [2] implying the occurrence of a resonance. Furthermore, the presence of a
resonance makes the parameters of the NMS-3 set inconsistent in terms of the volume integral
JR/16 which is large and positive (Table 1). This implies that for a proper analysis, a resonant
term in the amplitude needs to be included explicitly. The potentials discussed herein are related
to the contribution of scattering due to a mean field only.

The data between 40.77 and 47.3 MeV can again be accounted for using the NMS-2 potential,
provided a modest imaginary part is added to it. The parameters are noted in Table 1. The total
chi-square in this range is χ2

T = 256.6 which is to be compared with χ2
T = 1030.5 obtained using

the BFWC potential.
The reaction cross sections σR , calculated using the NMS-2 and NMS-3 sets in the appro-

priate energy ranges as well as BFWC, are noted in Table 3. Except for a sudden jump in σR

between 38.83 and 40.77, the reaction cross sections using the NMS potential increases slowly
with energy but that is not the case for the BFWC potential.

The real parts of the three NMS potential sets, used in fitting the data from a few MeV to
47.3 MeV, along with the calculated EDF potential are plotted in Fig. 9. As presented in Table 1,
the parameters of the NMS-1 potential V0, R0 and a0 are very close to those obtained from the
EDF theory but the repulsive part of the two differs in magnitude, as expected. On the other
hand, the difference between NMS-3 and others is significant. As noted earlier, this might imply
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Fig. 9. Non-monotonic shallow potential NMS-1, NMS-2 and NMS-3 sets, noted in Table 1, are compared with the EDF
generated potential (solid dots), parametrized in terms of the either Vedf(GG) or Vedf(WG) set also in Table 1.

Table 4
Parameters of the non-monotonic complex potential obtained from the best fits of the experimental data at 31.8, 34.2,
35.1, 38.83 and 47.3 MeV. The fits are shown in Fig. 9. All the sets have RC = 5.8 and RW = 2.5 fm. V0, VR and W0
are in MeV; R0, RR and a0, in fm; σR in mb, and JR/16, in MeV fm3

Eα V0 R0 a0 VR RR W0 σR JR/16

31.8 35.0 3.80 0.1 260.0 1.65 0.0 0.0 −99.8
34.2 30.0 3.85 0.97 300.0 2.55 0.0 0.0 963.8
35.1 26.0 3.95 0.97 320.0 2.45 1.613 35.7 972.7
38.83 26.0 3.75 0.77 350.0 2.30 1.613 41.3 974.1
47.3 26.0 3.80 0.25 250.0 1.30 1.613 158.0 −198.3

that a resonance term is to be incorporated explicitly in the analysis. The key difference between
the calculated EDF potential and those used in fitting the data is that the short range repulsion
of the latter potentials is much stronger. This is the consequence of the difference in the density
distribution functions used in the calculation and the actual one near the origin. However, the
EDF calculation reproduces the tail of the potential well, which is the determining factor to
describe a low energy scattering. The magnitude of the depth of the potential in both cases is
about the same but shifted from each other. It is of interest to note that the EDF potential is
similar to the one calculated by Thompson et al. [34] using RGM, in particular, in the depth and
tail region.

Above the 30 MeV bombarding energy, if one allows the freedom to vary the parameters
at every energy, much improved fits to the data can be obtained even around 38 MeV. This is
shown in Fig. 10 which compares the data with those calculated using the parameters of the
NMS potential listed in Table 4 for 31.8, 34.2, 35.10, 38.83 and 47.3 MeV. Although the fits
are very good, σR in each case seems to be little different. Despite the variation of the potential
parameters, the total real parts of the 31.8, 34.2 and 35.1 MeV potentials resemble one another,
as reflected in the potential plot in Fig. 11, and this similarity also applies to the potentials for
38.83 and 47.3 MeV.
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Fig. 10. Comparison of experimental α–α cross sections for the 31.8, 34.2, 35.1, 38.83 and 47.3 MeV (lab) incident
energies in the resonance region with the predictions using the NMS potential parameters in Table 4.

Fig. 11. Real part of the NMS potential using the parameters in Table 4 for the best fits to the data in the resonance region
including the 31.8, 34.2, 35.1, 38.8 and 47.3 MeV incident energies.

3.2.3. Phase shifts and 8Be decay width
In a number of investigations, phase shift analyses to the angular distributions up to 47.3 MeV

have been performed assuming them to be real. This implies the absence of the loss of incident
flux to any but the elastic channel. However, a number of channels other than elastic open up
between 35 to 47.3 MeV, implying that a part of the incident flux is lost in these channels.
Consequently, allowances for complex phase shifts in the energy region of 35 to 47.3 MeV in the
phase shift analyses should be made. Thus, the aforementioned phase shift analyses should be
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Fig. 12. The α–α scattering phase shifts, calculated using the deep BFWC (open triangles) and shallow NMS (open
circles) potential parameters, are compared with the phase shifts (solid dots) deduced from phase shift analysis of the
experimental cross sections.

modified at energies higher than about 35 MeV. In Fig. 12, we have, nevertheless, plotted these
phase shifts deduced from the phase shift analyses of the experimental data up to 40 MeV and
compared them to the phase shifts calculated using the NMS as well as BFWC potential.

The computed s-wave phase shift for the NMS-1 potential tends to zero for zero incident
energy. In fact, it does not have a bound state. The s-wave phase shift deduced from the data
tends to π at very low energy [65] with no data available below about a few hundred keV. The
calculated phase shift using the NMS-1 potential, shown in Fig. 12, tends to zero near zero energy
and then jumps to π around 200 keV because of the resonance due to a meta-stable state of 8Be
and then follows closely the deduced s-wave phase shift.

Thus, for the NMS-1 potential, 8Be is in a meta-stable state at about the correct energy. The
decay width, Γ , of this state can be calculated using the following relation, due to Wigner [66]
and Smith [67], between half-life T and the derivative of phase shift λ, around the resonant
energy:

T = h̄/Γ = 2h̄ dλ(E)/dE. (15)

The computed decay width of Γ = 6.36 eV agrees very well with the earlier observed value of
(6.8 ± 1.7) eV [68,69] and the recent value of 5.6 eV obtained from the R-matrix analyses [70].
Above the resonant energy, the calculated s-wave phase shifts follow closely those deduced from
the phase shift analyses as a function of energy, turning negative around 20 MeV bombarding
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energy. The negative value of s-wave phase shift is indicative of the short-range repulsion which
characterizes the potentials deduced from the EDF calculations and the NMS potential. We may
note that the deduced s-, d-, and g-wave phase shifts, however, have structures around 38 MeV
[2] which are absent in the calculated ones.

A comparison of 3.0 MeV and 5.26 MeV angular distributions indicates that the d-wave phase
shift contributes significantly to the cross section at energies around 5.26 MeV. Because the d-
wave has a zero below 90◦, the cross section has the observed dip in the 5.26 MeV data. Both
the optical model calculations and phase shift analyses indicate that the contribution to the cross
section of the d-wave starts becoming significant around 4.0 MeV. Unfortunately, the deduced d-
wave phase shifts by [2], [6], and [65] differ from each other in the 6 to 9 MeV energy range and
the calculated ones in this energy range are closer to those of [65]. Except for the structure around
38 MeV in the deduced phase shift, the calculated ones reproduce them fairly well. Similarly, the
calculated real parts of l = 4, 6, and 8 phase shifts follow closely the ones deduced from the
phase shift analyses assuming them not to be complex.

All the deduced l = 4, 6, and 8 phase shifts, from the phase shift analyses [2], tend to zero
at zero energy implying that following the Levinson theorem, there should be no l = 2, 4, and 6
bound states in the potential. The computed phase shifts using the NMS potential also tend to be
zero at zero energy implying that this shallow potential has no such bound states.

The BFW potential, being a deep one, has two l = 0 and one l = 2 bound states. These states
having the configurations 0S, 1S and 0D with the calculated binding energies of 72.6, 25.8 and
22.1 MeV, respectively, in the BFW potential, are asserted by Buck et al. [21] and Neudatchin et
al. [20] to be Pauli forbidden (PF) states, in order to explain the discrepancies between the phase-
shifts, calculated using their deep potentials, and the actual ones, deduced from the data based
phase-shift analysis of the experimental data. Although no actual calculation has been made to
determine the number of bound states in the BFWC potential, which, being very similar to the
BFW potential in depth and width, is likely to hold the same number of PF bound states. The
same holds for the WS parameterization of the BFW potential or the potential of [20].

Both Neudatchin et al. [20] and Buck et al. [21] indicated that the s-wave and d-wave phase
shifts for their respective potentials tend to 3π and π , respectively, at very low energies and so
do these phase shifts of the BFWC potential. Buck et al. also reports the s-wave phase shifts to
go to 2π as the energy tends to zero. The energy-dependence of l = 0 and l = 2 phase shifts
above a few keV energy, calculated from the potential, follows the energy dependence of the
deduced ones from the phase shift very well but the s-wave phase shift never becomes negative,
although the deduced one for l = 0 from the data based phase-shift analysis is negative above
about 20 MeV. The potentials of [20,21], and the BFWC potential, being purely attractive, cannot
yield a negative phase shift.

Thus, although the energy dependence of the l = 0 and l = 2 phase shifts calculated from
the BFWC potential and the potentials of [20,21] are about the same as the phase shifts deduced
from the data and calculated using the NMS potential, they are shifted by 2π and π , respectively,
for s- and d-partial waves.

3.2.4. Discussion on phase shifts at zero energy
The number of bound states present in a potential can possibly be determined, using Levin-

son’s theorem [43], from the phase shifts in the limit of zero energy for potentials following the
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condition
∞∫

0

r
∣∣V (r)

∣∣dr < ∞. (16)

Obviously, condition (16) is violated for a potential having a Coulomb component but Ma [71]
has ascertained that Levinson’s theorem could be extended to the Coulomb case, even though
(16) is violated. The consideration of the PF states modifies the Levinson theorem [43]. The
inclusion of the Pauli principle leads to an integro-differential equation. For certain types of
two-body potential, Swan [72] has shown that the Levinson theorem should be changed to

δl(0) − δl(∞) = (nl + ml)π. (17)

In (17), δl(0), δl(∞), nl and mL are, respectively, the phase shifts at zero and infinite energies,
the number of bound states in a potential and the number of PF bound states for the l partial wave.
This theorem has been found to be valid in a number of cases where the two-body potential is
of the type considered in [72]. For example, the s-wave phase shift of an electron calculated
in the Hartree potential of a helium atom tends to π near zero energy [73], but the potential
does not have an s-bound state. This is because the number of the PF states, in this case, is
one, and Swan’s condition holds for this potential. The phase shifts at zero energy for the BFW
or a similar potential tend to 2π and π , respectively, for the s- and d-wave scattering. Swan’s
condition, if applicable for this class of potentials, implies two PF s-states and one PF d-state.
On the other hand, the potential derived from the EDF theory or the phenomenological NMS
potential describing the α–α scattering does not have PF bound states and interestingly enough
supports only one meta-stable state corresponding to the decaying ground state of 8Be at 92 keV
and hence the l = 0 and l = 2 phase shifts are zero near zero (Fig. 12) bombarding energies. This
supports not only the experimental facts that both s- and d-states of 8Be are unbound, but also
satisfies Levinson’s theorem as well as Swan’s condition.

4. Conclusions

We have presented here a non-monotonic shallow potential, the real part of which is based on
the potential derived from the EDF theory using a realistic two-nucleon interaction. As shown
in Fig. 8, the raw potential, generated from the EDF calculation with limitations (discussed in
Section 3.1), reproduces the data at some energies up to 15.2 MeV reasonably well. The NMS
potentials, with the NMS-1, NMS-2 and NMS-3 parameter sets, provide an overall good fit to
angular distributions for energies up to 47.3 MeV, except in the resonance region, i.e., for ener-
gies between 31 to 40 MeV. Although good fits to the data in this energy region can be obtained,
if one allows substantial change in parameters at each energy, this leads to the volume integrals
for the real part being unusually large positive. To keep consistency in the parameters, it is more
reasonable to explicitly add a resonance component [74] to the scattering amplitude to analyze
these data. Aside from that, the phase shifts calculated using this potential reproduce those de-
duced from the phase-shift analyses of the data. The sudden jump in the deduced phase shift
around 38 MeV may be indicative of the need to incorporate explicitly a resonance term to the
analysis of this data. The calculated s-wave phase shifts above about 20 MeV bombarding en-
ergy are negative as deduced from the phase shift analyses of the data. There is no bound state
in the potential which is in agreement with the unbound nature of 8Be and the potential supports
a meta-stable s-state at about 100 keV with a decay width of about 6 eV which agrees with the
measured half-life of 8Be.
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A slightly modified version of BFW, the BFWC potential with the total χ2, χ2
T = 271.4, re-

produces the angular distributions up to 31.8 MeV and at 47.3 MeV much better than the parent
BFW potential set with χ2

T = 2189.7. This is in line with the findings of Abdullah et al. [45,46]
that a repulsive core in the α–α potential is needed for the generation of an appropriate folding
α-nucleus potential without a need of renormalization. The non-monotonic NMS potential de-
scribes the same experimental data set with χ2

T = 948.0. The calculated s-wave phase shift from
the BFW or BFWC potential is not negative at energies above 20 MeV but the deduced ones
and those calculated from NMS are. Whereas the NMS potential reproduces directly the s- and
d-wave phase-shifts, obtained from the experimental data, all deep potentials like BFW, BFWC,
and WS can reproduce the energy dependence of the phase shifts quite well, although s- and
d-wave phase shifts seem to be shifted by 2π and π , respectively. It would be very interesting
to investigate the phase equivalency in the sense of Bargmann [75,76]. The NMS and the latter
deep potentials are all l-independent.
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